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VI. A Letter from Mr. John Robertfon o
the Prefident, containing an Explanation
of the late Dr. Halley’s Demonftration of
the Analogy of the Logarithmic Tangents
to the Meridian Line, or Swm of the
Secants,

S IR,

Read Nov.22. Y Curiofity having lately led me

1750 to perufe feveral Books on the
Art of Navigation, I was fomewhat furprifed not to
find in any one of them a clear Explanation of that
moft curious Paper in N® 219. of the Philofophical
Tranfaltions, written by the cxcellent Mathematician
Dr. Halley 5 who, not intending to write for Begin-
ners, as himfelf confefles, has drawn his Conclu-
fions in a manner, that {fcems to {tand in neced of
an Explanation, for the Generality of Readers: And
as the maritime Pcople are not the beft acquainted
with mathematical Knowledge, it might have been
expefled, that fuch of the Writers on Navigation
within the laft §o Years, who have undertaken to
demontftrate the feveral Parts of their Subje&, would
have removed the Difficulties in the Dotor’s Paper,
inftead of leaving them in the fame State in which
they firft appeared.

Dr. Halley, in this Tra&, feems to have had two
chief Points in View ; Firlt, To prove, that the
Divifions of the Meridian Line in a Mercator's

Chart,
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Chart, were analegons 10 the lagarithmic Tangents
of the Half-Comp.ements of the Latitudes. And,
fecondly, 79 find @ Rule vy which the Tables of
meridignal Parts might be conputed from Briggs’s,
or ti:c common logarithmic Tangents. The former
of thefe the Dodtor has cleaily and elegant.y proved:
But he has given rather too few Steps to fhew as
clearly the Inveftigation of the latter.

Indeed in many of the Treatifes on Fluxions, it is
fhewn how to inveftigare a Rule to find the meri-
dional Parts to any Latitude: But, to underftand
thofe Mcthods, requires fome Skill in algebraical
and fluxionary Comiputations; neither of which are
ncclary in this Bufinefs, by keeping to the Dottor’s
Principles, as will be cvident from the tollowing
Articles; fome of which are already well known s
yet it was thought convenient to annex them to this
Difcourfe, by

Zour moft bumble Servant,

John Robertfon,

Article 1. If the Circumference of a Circle be di-
vided into any Number of equal Parts by as many
Radii, and a L ne be drawn fiom the Circumfe-
rence cutting thofe Radii, [o that their Partsin-
tercepted between this Line and the Centre be
in a continned decreafing reometric Progrefficn;
then will that inter(efting Line be a Curve,
called the proportional Spiral, and will inter[eé?
thofée Radii at equal Angles.

' This



[ 561 ]

This will be evident, by fuppofing the Rali ™
near to one another, that the intercepted Patts of
the Spiral may be taken ss right Lines: For tien
there wiil be a Series of fimilar Triangles, each hav-
ing an equal Angle at the Centre, and the Sides about
thofe Anglcs proportiona!, '

Are. 1L Tke fame thizgs [Lll fuppofed, the Parts
of the Circumference of the Circle, reckoned from
any one Point, may be taken as the Logaritims
of the Raiio’s bet<cen the correfponding Rays of
the 8;i al.

For thofc Rays arc a Secrics of Terms in a conti-
nued geometric Progreflion; and the Parts of the
Circumference form a Series of Terms in arithme-
tic Progreflion. Now the Terms of the arithmetic
Series being taken as the Exponcents of the corrc-
fponding Terms in the geometric Series, there will
be the fame Relation between each geometric Term
and its Corrclative, as between Numbers and their
Logarithms,  And hence the proportional Spiral is
alfo calicd the logarithmic Spiral.

At LI, Thatpreportional Spiral, which inter[sits
its Radii at sngles of 45 ‘Degrees, produces Lo-
garithms that are of Napicr’s Kind.

For, itthe Difference between the dirftand fecond
Terms in the geomeiric Serics was indefinitely {mall,
and the it Divifion of the Circumference was of
the fame Magnitude; then may that Part of the Spi-
ral, intercepted between the firft and fecond Radii,
Le takcn as the Diagonal of a Square, two of whofe
Sidcs are Parts of thefe Rad7i : Therefore the Spiral

which
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which cuts its Rays at Angles of 44 Degrees, has
a kind of Logarithms belonging to it, fo rclated to
their correfponding Numbers, that the {malleft Va-
riation between the firlt and fecond Terms in the
geometric Serics, is equal to the Logarithm of the
fecond Term, a Cypher being taken for the Loga-
rithm of the firft. But of this kind are the hypet-
bolical Logarithms, or thofe firt made by their

Inventor the Lord Napier: Confequently the Loga-
- rithms to that Spiral which cuts its Rays at Angics
of 45 Degrecs, are of the Napierian Kind.

Art. IV, The Rbhumb-Lines on the Globe are ana-
logous to the logarithmic Spiral.

For cvery oblique Rhumb cuts the Meridian at
equal Angles: And 1tis a Property in ftereoaraphic
Proje&ions, that the Lines therem inrerfefting one
another, form Anglcs equal to thofe which they re-
prefenton the Sphere.  Therefore a Proje@tion of the
Sphere being made on the Plane of the Egquator,
the Mcridians wili become the Rad:z of the Equator,
and the Rhumbs interfecting them st equal Angles,
will become the proportional Spiral.

Hence, the Arcs of the Equator, or the Difterences
of Longitude reckoned from the faime Meridian,
are as the Logarithms of thofe Parts of the corre-
fpording Meridians, intcrcepted between the Centre
and Rhumb-Line.

Art. V. A Sea Chart being confirulted, wherein
the M:ridians are parallcl to oze another, and
the Lengths of the ‘Degrees of Latitude increafe
in the [ame Proportion as the maridianf'/é D;-

ances
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Sfrances decreafe on the Globes, will confiitute a
Mercator’s Chart ; wherein, befides the Pofitions
of Places having the fame Proportions to: one
anotker as on the Globes, the rbhumb Lines will
be reprefented by right Lines.

For none bat right Lines can cut at equal Angles

feveral parallel right Lines.

Art. VI, The Divifions of the meridian Line on
a Mercator's Chart, are the fame as a Table of
the Differences of Longitude anfwering to- each
Minute, or [imall @{ffume of Latitudeon the
rbumb Line making Angles of 45 Degrees with
the Meridians.

For, in fuch a Chart, the Parallels of Latjtude are
equal to the Equator, and are at right Angles to the
Mcridians: And thercfore a-Rhumb of 45 Degrees
cuts the Meridiansand Parallels of Latitudes at equal
Angles; confiquently between the' Interfc&ion of
any Mcridian and Parallel, and a Rhumb cutting
them at 44 Degrees, there muft be equal .Parts of
the Merididn and Parallel intercepted : Now, on the
Equator, or Parallcls of Latitude, are reckoned alf
the fucceflive Differcnces of Longitudes, and on the
Meridians the fucceflive meridional Differences of La-
titudes, or the Divifions of the nautical Meridian :
Therefore on theRhumb of 4.4 Degreés, the fucceflive
Differences of Longitude are equal to the correfpond-
ing Divifions of the nautical Mcridian,

Art. VII.  The Tangents of the Angles which dif-
Sferent Rhumbs make <ith the Meridians, are di-
rectly proportional to the Differences of Longi=

Cccc tudes



[ 564 ]

tudes made on thofe Riumbs, when the merid;-
onal Differerces of Latitudes are equals or; are
reafrom/ly propertional to uncqual meridional

Differences of Latitudes on thoje Rbumbs, when
the ‘Differences of Longitudes are equal.

For the meridional Difference of Latitude, is to
the Difference of Lonnitude as Radius is to the Tan-
gent of the Angle of the Comfb, or of the Angle
whxch the &humb makcs with the Meridian, There=
fore, when the meridional Differences of Latitudes
are equal, the Differences of Longitudes are as the
Tanfrents of the Courfes But, when the Differences
of Loncitudes ate equal, the-meridional Differences
of Latxtudcs are reciprocally as the Tangents of the
Courfecs.

Art. VIII.  The logarithmic Tangents of the Half-
Complements 0f£ the Latitudes, are analogous to
the /engtlmzd Degrees in the nautical Meridian
Line,sn a Mercator's Chart.

For, in the ftercographic Proje&tion of the Sphere
on the Plane of the Equator, the Latitudes of Places
are projected by the Half-Tangents of the Comple-
ments of thofe Latitudes, which Halt -Tangents are the
Rays of a proportional Spiral: Now, if a Series of
fucceflive Latitudes be taken .on any Rhumb, the
correfponding Differences of Longitudes will be Lo-
garithins to the Rays of the Spiral, or tothe Tangents
of the Half- Complements of thofe Latitudes: There-
fore the Differences of Lengitudes are as the loga~
rithmic Tangents of the Half- Complcmcnts of the La-
situdcs ; But| (Ar;‘ V1) the kengthened Degrees on the

nauticad
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nautical Meridian are as the Differences of Longitudes
on the Rhumb of 4§ Degrees; confequently the
logarithmic Tangents of the Half-Complements of
Latitudes are as the lengthened Degrees on the nau-
tical Meridian.

Corol. 1. When the Angle between the rhumb
Line and the Meridian is equal to 45 Degrees, then
the Longitudes of Placeson that Rhumb are exprefled
by Logarithms of Ngpser's Kind ; whole correfpond-
ing Numbers are -natural Tangents of the Half-
Complements of the Latitudes to Arcs exprefled in
Parts of the Radius.

Corol. 2. Hence, to any two Places on”a Rhumb
of 45 Degrees, the Differentce of Longitude, or the
meridional Difference of Latitude, is equal to the
Diffcrence of the Napierian logarithmic Tangents
of the Half-Complements of the- Eatitudes of thofe
Places, eftimated in Patts of the Radiiis. ,

Corol. 3. As there niay be an indefinite Variety
of Rhumbs, and therefore as many different Kinds
of Logarithms, confequently every Species of Loga-
rithms has its peculiar Rhumb, - diftinguithable by
the Angle it makes with the Meridian:: Therefore,
among thefe there are two Kinds,. whereto the Dit»
ferences of Longitudes are the Differences -of the
logarithmic Tangents of the Half-Complements of
Latitudes, cftimated in Minutes of a Degree ; one of
them belonging to Napier's Form of logarithmie
Tangents, and the other to Briggs's, or-the common
logarithmic Tangents.

Att. IX,  The comnion logarithmic Tangents are a.
Table of the ‘Differences of Longitudes, to every’
Cccca Minute
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Minute of Latitude, on the rbumb Line making

Angles with the Meridians of §1° 38 9.

For, let z reprelent the meridional Difference of
Latitude between two Places on the Rhumb of 43
Degrees; or its Equal, the Difference between the
logarithmic Tangents of the Half-Complemecnts of
the Latitudes of thofe Places, eftimated either in
Parts of the Radius, or in Minutes of a Degree.
Then,

As the Citcumference in Parts of the Radius
= 62831,853 &
To the Circumference in Minutgs of a Degree

== 21600.

Sais a meridional Difference of Latitude in Parts of

the, Radius = .

“Tea a meridional Difference of Latitude in Minutcs

of a Degree, ==0,34377468 & x 2.

Who(e correfponding Rhumb is different from
that' wirich 2 belonged to; and the Angle which
this Rhumb makes with the Mecridian, will be found
by the following Analogy from A4rz. 7.

As the meridional Difference of Latitude onm one
“Rhumb =0,34377+68 &¢. 2.
“"Fo the meridional Diffcrence of Latitude on a Rhumb

of 45 Degrees, = z.

So is the mnatural Tangent of the Rhumb of 45

Degrees, = 10000.

To the natrral Tangent of the other Rhumb,
= 29088,82%, &rc.

Which Tangent anfwers to 71° 1’ 42”5 and this
is the Angle that the rhumb Linc makes with the
Meridians, op whichthe Differences of the logarithmic

Tangents
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Tangents of the Half-Complements of the Latitudes,
in Napier's Form, are the true Differences of Lon-
gitudes effimated in fexagefimal Parts of a Degree.

Now Napier's Logarithms being to Briggs's as
2,30258 & isto 1.

Therefore, 2,30248 dre. 1 1::20088,821 e
:12633,114 ¢rc.; which is the Tangent of §12.

8 975 and in this-Angle are the Meridians inter-
{e&ed by that Rhumb, on which the Differences of
Bri_gs’s logarithmic Tangents of the Half-Comple-
ments of the Latitudes, are the true Differences of
Longitudes correfponding to thofe Latitudes.

Art. X, The Difference between Briggs's loga-
rithmic Tangents of the Half-Complements of
the Latirudes of any two Places, to the meri-
dional ‘Difference of Latirude in Minutes between
thofe Places, is in the confiant Ratio of 1263,3
&rc. 1o 1; or of 1t0 0,0007914§704 ¢rc.

For Briggs’s logarichmic Tangents are as the Dif-
ferences of Longitudes on the Rhumb (4) of §19
38’ 9”5 whofc natural Tangent is 1263,3 &rc.

The nautical Meridian is a Scale of Longitudes on
the Rhumb (B) of 45 Degrces, by Arr. VI. whofe
Tangent being equal to the Radius, may be ex-
prefled by Unity. And the Differences of Longitide
to equal Differences of Latitudes on different Rhumbs,
being to each other as the Tangents of the Angles
thofe Rhumbs make with the Meridians. Therefore,

As the Tangent of A (5192 38 9") =1,2633, &-.
To the Tangent of B (44°) =1,0000;
So
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So is the Difference of Longitudes on 4, ot the
Difference between the logarithmic Tangents of
the Half Co-latitudes of two Places

To the Difference of Longitudes on B, ot the me-
ridional Difference of Latitudes of thofe Places,
And hence arife the Rules which are given in nau-

tical Works, for finding the meridional Parts by a

Table of common logarithmic Tangents.

This curious Difcovery of Dr. Halley’s, joined to
that excellent Thought of his, of delineating the Lines,
fhewing the Varxanon of the Compaﬁ on the nautical
- Chart, are fome of the very few ufeful Additions
made to the Art of Navigation within the lat 150
Years: For if, befide ticle, we except the Labours
of that ingenious Artitt Mr, Richard Norwood, who
1mprovcd the Art by adding to it the Manner of
failing in a Current, and by finding the Meafure of
a chrcc on.a great Circle, the Theory of Naviga-
tion will be found ncarly in the fame State in which
it was jeft by that eminent Mathematician . Mr.
Edward Wright; who, about the Year 1600, pub-
liftred the Principles on which the true nautical Art
is fouirded; and fhewed, what does not appear to
have been known before, how. to eflimate a Ship’s
true Place at Sca, as.well in Long‘tudu as in Lati-
tude, by the Ule of a Table of meridional Parts,
firft made by himfelf, and-confiruéted by the con-
ftant Addition of the Secants, and which diffcrs al-
moft-itfenfibly from fuch a Table. made on.Dr. Hal-
ley's Prmcxplcs coentained in the. preceding Articles.

Ifhall corclude thisDifcourfe withanArticle, which,
altho’ it be fomewhat foreign to the preceding Sub-
jebks yet, as it was difcovcr’d while 1 was contem-

plating
1
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templating fome Part thereof, and perhaps is not
exhibited in the fame View by others, it may not
be improper to annex it in this Place : Which js to
demeontftrate this common logarithmic Property, that
the Flux.on of @ Nunmber div vided by that Number,
is cqual to the Fluxion of the Napierian Logarithm
of t/gaz‘ N:mber.

Let BEG be a loga-
rithmic Spiral, curting its
Rays at An.les of 44 De-
grees: Then, if A E be
taken as a Number, BC
will be its Napierian or
hypert clic Logarichm,

Alfo, let CD exprefs
the Fluxion of the Loga-
rithm BC; and the cor-
re;ponding Fluxion of the
Number 4 E, will be re-
prfented by FG, or its
Equal F E; asthe Angles
FEG and FGE are equal,

Now, AC:CD:: AE:(EF=) FG.

Therefore €D = E.G.. *x AB.
AE

And if 4B be taken as the Unit or Term froms
whence the N umbers begm

Then CD = —-——- . e d




